Abstract-In this paper, a novel multiphysics and nonlinear model for electromechanical relays is presented. The electromagnetic dynamics is analyzed by calculating the total reluctance of the magnetic equivalent circuit, which is composed of a fixed length iron core and an angular air gap. Magnetic saturation and angular dependency of the reluctance are considered in the calculation. Then, an energy balance applied to the electromagnetic components of the system is used to obtain the torque which acts on the movable armature. A planar mechanism of four rigid bodies, including spring-damping torques that restrict the motion and model the contact bounces that occur in the switchings, is proposed to explain the dynamics of the movable components. Experimental tests show the accuracy of the model both in the electromagnetic and the mechanical parts.
I. INTRODUCTION
Electromechanical devices such as relays or contactors are widely used in domestic and industrial applications. Although their operating principle comes from the nineteenth century, these devices still offer many advantages over their semiconductor counterparts: they have lower energy losses, are able to block current and to withstand voltage in both directions, do not require drivers to be activated and are slightly cheaper. For these reasons, they are extensively used in products needing some type of electric or electronic regulation. Relays and contactors can be found, e.g., in cars, home appliances, communications systems or industrial machines.
Despite these advantages, electromechanical devices also present some drawbacks related to their operation mode. They are considerably slower than solid-state switches and, since there are moving components, they are continuously subject to wear and their service life is shorter. Additionally, strong bounces are generated in each switching when the movable parts hit the fixed ones, originating additional wearing and a noise which is a problem in many applications. As a result, electromechanical devices are often discarded in favor of solidstate switches.
In order to reduce the problems and increase the benefits, several research groups have been working on models and control strategies for these electromechanical devices. One of the very first attempts to study the contact bounce phenomenon was [1] , where an energy-based analysis and some simple spring-mass systems were proposed to explain the process dynamics. A good review of electrical contacts including the influence of the arc current was made years later [2] , and one of the first works regarding the control of contact bounce was presented in [3] . With respect to modeling, an early mechanical and electromagnetic coupled model including contact bounce was already presented in [4] , but the authors themselves suggested that some aspects should be studied deeply.
Many researches have been presented in the recent years for predicting the electromagnetic dynamics and the motion of relays and contactors. Different approaches have been considered for the electromagnetism, ranging from models with low computing requirements based on Magnetic Equivalent Circuits (MECs) to comprehensive and time consuming Finite Element Method (FEM) analyses. Concerning the first approach, a detailed framework for building three-dimensional electromagnetic MEC-based models can be found in [5] . An electromagnetic MEC model including magnetic saturation is proposed for AC contactors in [6] , while the motion dynamics and a position estimator are presented by the same authors in a previous paper [7] . A MEC model is also used in [8] to optimize the geometry of a permanent-magnet contactor. Some works combining the two methods can also be found. See, e.g., the research in [9] , where a MEC-based model is improved by using a correction factor calculated from FEM simulations, or [10] , where an one-dimensional MEC model and a two-dimensional FEM analysis are compared. On the other hand, a pure FEM-based model is proposed in [11] for calculating the attractive torque of a permanent-magnet relay.
Different options have been considered also for the motion. A mechanical model based on the Euler-Bernoulli theory for beams is proposed to predict the motion of a relay in [12] , where a viscoelastic spring-damper contact model is also presented for explaining the contact bounces. The beam theory is used in other researches [10] , but the most widespread approach is the use of spring-damper models with a single degree of freedom [4] , [7] , [8] . Some research has also been made regarding the control of electromechanical devices [7] , [8] . Nevertheless, the problem is still not solved because of the highly nonlinear dynamics and the partially stochastic behavior of these devices. In [13] , a control algorithm which limits the current through the coil of a contactor is described for reducing contact bounce. Control strategies can be found also for other electromechanical devices, e.g., for an electromagnet excited pendulum [14] or for a solenoid valve [15] .
The research on electromechanical relays and contactors has not been limited to predicting their motion or electromagnetic dynamics. See, e.g., the method proposed in [16] to evaluate the erosion of the electrical contacts of a contactor, or the FEM-based thermal model of sealed electromagnetic relays developed in [17] . Besides, novel dynamic models are also being developed for other types of electromechanical switches [18] .
In this paper, we present a novel model for electromechanical relays that (1) describes the electromagnetic dynamics of the system taking into account both magnetic saturation and angular dependency, (2) studies the motion of a complex mechanism with two degrees of freedom, (3) simulates the contact bounces generated in the closure and the opening by means of spring-damping torques and (4) requires a much lower computational cost than FEM-based models because it is based on a magnetic equivalent circuit. These features make our model very appropriate for designing and validating control algorithms, e.g., for reducing contact bounce.
The paper is structured as follows. First, in section II, the electromechanical relay investigated in this work is presented and its operating mode explained. The electromagnetic dynamics of the system is described in section III by calculating the reluctance of the magnetic equivalent circuit. Besides, an analysis based on the electromagnetic energy is made to obtain an expression for the torque that drives the motion of the relay. Then, in section IV, a planar mechanism composed of four rigid bodies is proposed to describe the motion of the movable components. This mechanical model includes articular limits so that the motion of the mechanism is restricted to specific positions. These bounds are achieved by means of springdamping torques that are also able to model the contact bounces that usually exist in the operation of electromechanical devices. Experimental tests have been carried out to validate the model and the results are presented and discussed in section V. Finally, the conclusions of the research are presented in section VI.
II. SYSTEM DESCRIPTION
The electromechanical switch used in this research is a general purpose PCB power relay which features a high electrical insulation between the coil and the contacts (Fig. 1 ). This is achieved by means of a mechanism with an intermediate plastic part that completely separates the electromagnet and the power terminals. Similar models are sold by the main manufacturers in the market. Its operating mode is as follows. When the coil is not energized, the movable contact stands still, touching the normally closed contact. If the coil is energized, the movable armature closes the magnetic circuit and pushes the plastic part. At the same time, the opposite end of the plastic component causes the movable contact to touch the normally open contact. When the coil is de-energized, elastic forces make the relay return to its original position, opening the magnetic circuit and closing the normally closed connection.
III. ELECTROMAGNETIC MODEL

A. Current and magnetic flux dynamics
The electromagnetic components of the relay are schematically represented in Fig. 2(a) . The coil has N turns and electrical resistance R. The magnetic circuit is composed of a soft iron core, with a fixed and a movable part, and an air gap. The geometry of the core is known and the size of the air gap is determined by the angular position of the movable armature θ 1 . When a voltage difference v is applied between the coil terminals, the electrical behavior of the system is given by
where i is the current flowing through the coil and φ is the magnetic flux through the core. Current i and magnetic flux φ are also related by means of the equation of the magnetic equivalent circuit,
where is the total reluctance of the circuit and can be divided into the air gap reluctance g and the magnetic core reluctance c ( Fig. 2(b) ).
The first component of is calculated from the geometry of the air gap,
where l g and A g are the length and the cross-sectional area of the air gap, r g the average turning radius of the crosssection, θ 1 the rotation angle of the moving armature and μ 0 the vacuum magnetic permeability.
On the other hand, the reluctance of the magnetic core is approximated by using an average path length l c and an average cross-sectional area A c of the magnetic core,
where μ c is the magnetic permeability of the core material. The relationship between magnetic flux density B c and magnetic field intensity H c within the magnetic core is considerably nonlinear due to magnetic saturation. Consequently, μ c cannot be considered constant. To reflect this behavior, an alternative version of the Froelich equation has been used,
where c 1 and c 2 are constants which have been experimentally fitted. Although similar expressions have been already used in previous works [6] , [7] with good results, it must be noted that the absolute value included in the denominator allows the calculation also with negative values of H c . Otherwise, meaningless values of μ c would be obtained and divisions by zero may appear in the equations.
According to (6) , μ c may be expressed either as a function of magnetic field H c or of magnetic flux density B c . Considering that φ = B c A c , the previous expression is transformed to be in terms of magnetic flux.
Now, by substituting (8) in (5) and then in (3), the expression for the total reluctance of the magnetic circuit is obtained.
Note that reluctance depends on angular position θ 1 and magnetic flux φ, hence including the variations caused by the motion of the mechanism and by magnetic saturation. For simplicity in the notation, Eq. (9) will be expressed from now on as
where
Substituting (10) in (2), and solving the system of (1) and (2), the explicit equation for the dynamics of the magnetic flux is finally obtained.
Now, if angular position θ 1 is known, (11) can be solved by numerical integration and then the current through the coil is directly obtained by using (2) . In addition, inductance L of the coil can also be calculated by means of (10) and considering that L = N 2 / .
B. Magnetic torque calculation
In this section, an expression for the magnetic torque that acts on the movable armature is obtained by applying an energy balance to the electromagnetic components of the relay.
The electric energy supplied to the coil, W e , is the only energy input of the balance. This energy is transformed in electromagnetic energy, W em , mechanical work, W m , and energy losses, W l . Hence, the balance can be expressed as
or, in differential form, as
In the first place, the electric energy supplied to the system in a differential time dt can be calculated as
By substituting (1) in the previous expression, it becomes
and, by using (2),
On the second place, the total electromagnetic energy of a system of volume V can be calculated as
where B and H are, respectively, the magnetic flux density and the magnetic field intensity vectors, defined for every point in the space. If B g and B c are the average flux densities in the air gap and the magnetic core, and H g and H c are the average magnetic fields in the same components, the electromagnetic energy stored in the relay can then be approximated by
where W em,g and W em,c are respectively the electromagnetic energies in the air gap and the magnetic core. Given that the magnetic flux is constant along the magnetic circuit, i.e., φ = B g ·A g = B c ·A c , Eq. (18) can be transformed into
and, by applying Ampere's law, i.e., H g l g + H c l c = Ni, an expression for the electromagnetic energy as a function of φ and i is obtained. 
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The previous equation may now be expressed in terms of the current through the coil or of the flux through the magnetic circuit by using (2) .
Note that precisely one of these expressions is obtained if inductance L of the coil is firstly calculated as L = N 2 / and then the expression for the energy stored in an inductor is used.
By using the form in terms of φ, the second term of the balance is finally obtained.
In the third place, differential mechanical work dW m is created by the electromagnetic torque τ mag that acts on the movable armature when it rotates a differential angle dθ 1 .
Finally, the fourth term of the balance is obtained by considering that the only losses in the electromagnetic components are due to the Joule heating effect in the coil resistance.
Thus, by substituting each term in the energy balance,
The previous equation can now be solved to obtain the magnetic torque τ mag applied to the movable armature.
By deriving and substituting (10) in (27), the final expression for τ mag is obtained.
Note that the minus sign, together with the squared value of φ, indicates that the torque acts always in the opposite direction of θ 1 .
IV. MECHANICAL MODEL
To describe the motion of the relay we propose the planar mechanism of Fig. 3 . This mechanical model is composed of four rigid bodies connected by joints and numbered in circles in the figure. Body 1 models the movable armature and body 2 corresponds to the plastic pusher. Since the movable contact is made from a flexible copper sheet, it is modeled as the union of two rigid bodies, 3 and 4, which are connected by joint E. Spring torques that model the sheet rigidity are included in joints D and E. An actual torsion spring that exists in the bottom of the movable armature is also included in the mechanical model in joint A. To model the friction of the whole mechanism, a viscous friction force is included in joint H. Before analyzing the mechanism we introduce the notation for this section:
Coordinates of point P in the XY coordinate system.
Center of mass of rigid body i. 
The position of all the other points of the mechanism depends on angular variables θ 1 , θ 3 and θ 4 . Considering that AG 1 , BC, BG 2 , DE, DG 3 , and EG 4 are known constant lengths of the mechanism, the following vectors of the kinematic chain are calculated:
Then, by adding and subtracting these vectors, the position of centers of mass G 1 , G 2 , G 3 and G 4 
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E can be calculated as
Note that, although the previous equations are in terms of θ 1 , θ 3 and θ 4 , the mechanism has only two degrees of freedom because the variables are intrinsically related.
Free body diagrams of the four components of the mechanism are presented in Fig. 4 . All the internal and external forces and torques that act on the solids are represented in these diagrams by means of arrows, each pointing to the direction which has been defined as positive. 
where k A , k D and k E are stiffness constants and θ 1,0 , θ 3,0 and θ E,0 are the springs natural angles. With regard to viscous friction force F cH , it is calculated as
where c H is a constant damping coefficient.
The motion of the mechanism is restricted to specific ranges in variables θ 1 and θ 3 due to the position of the fixed armature and the contacts (Fig. 1) . To model these limits, torques τ lA and τ lD act in joints A and D when bodies 1 and 3 are beyond their boundaries. Besides of limiting the motion, these torques also model the bounces generated when the moving parts hit the fixed ones. This is achieved by means of torsional spring-damper systems which emulate the KelvinVoigt viscoelastic model [12] . Considering [θ 1,min , θ 1,max ] and [θ 3,min , θ 3,max ] the ranges of θ 1 and θ 3 , τ lA and τ lD are given by the following expressions: where k lA and k lD are the stiffness constants and c lA and c lD the damping coefficients of the spring-damping torques.
The weights of the four bodies and magnetic torque τ mag , which acts on body 1 and is given by the electromagnetic model, are also included in the mechanism. Equations for linear and angular accelerations are then obtained by applying Newton's second law. Three equations are presented below for each body, corresponding to the net forces in coordinates X and Y and the net torque in coordinate Z. For bodies 1 to 4, torques have been respectively calculated in points A, B, D and E.
Equations for body 1:
Equations for body 2:
Equations for body 3:
Equations for body 4:
By substituting expressions (29) to (35) as well as the position of the centers of mass, the system of Eqs. (36) to (47), which has 12 unknown variables ( Ey , θ 1 and θ 3 ) , permits the resolution of the mechanism.
V. MODEL VALIDATION
A. Implementation for simulation
The electromechanical model of the relay has been implemented in MATLAB Simulink to carry out simulations and prove its validity. The electromagnetic equations have been written in MATLAB code and included in Simulink by means of a MATLAB Function block. On the other hand, the mechanical part has been implemented using blocks of the SimMechanics library. This tool, apart from resolving the equations for the motion of the model, provides a graphical interface which allows a 3D visualization of the system during the simulation. Fig. 5 shows some images of the developed model in the SimMechanics graphical interface. 
B. Experimental tests
An electronic circuit (Fig. 6 ), similar to those used for relay switching in industry applications, has been designed and implemented to run experimental tests on the device and validate the model. Two BJT transistors and a resistor network permit the relay to be activated and deactivated by a computergenerated control signal. A general purpose diode is included for coil suppression, i.e., to limit the elevated induced voltages that appear when switching off the relay. Supply voltage in the test bench can also be adjusted from 0 up to 30 V. Voltage and current through the coil are measured and registered by means of a digital oscilloscope during the tests, and binary measurements of the normally closed and the normally open contacts are also obtained throughout the experiments.
Several tests have been performed on the actual relay. Data from a first set of experiments have been used to adjust some of the model parameters which were partially undetermined. To be coherent, the results presented in this section correspond to a second set, different from the one used for the adjustment. Experimental and simulated results of relay switchings at supply voltages of 24 and 30 V are shown in this paper. The control signal of both tests consists of a 25 milliseconds 'on' time followed by a 25 milliseconds 'off' time (Fig. 7) . In these charts, a value '1' is represented for a contact if it is closed and a '0' if it is open. During the closure, it is seen that the movable contact does not leave its normal position immediately after the activation of the control signal, but it takes about 7.2 milliseconds. This behavior is due to the dynamics of the magnetic torque, which is lower than the elastic forces until a given value of the current through the coil is reached (28). Approximately 2.5 milliseconds later, the movable contact hits the normally open contact, causing some bounces. Altogether, the relay takes about 10 milliseconds to make the complete switching, i.e., to open the normally closed contact and close the normally open contact. The behavior predicted by the model in this sense fits almost exactly with the measurements.
The procedure is reversed during the opening, causing the movable contact to return to its original position, opening the normally open contact and closing the normally closed contact. In this process, the time needed to begin the motion is about 9 milliseconds, the free motion lasts about 1 millisecond and the bounces take approximately 2.5 milliseconds. It is shown again that the prediction given by the model agrees very well with the measurements. stage, the coil through the current reaches the steady state in about 10 milliseconds, faster than in the 24 V experiment. Nonetheless, its behavior during the opening is more similar to the previous test. Similar conclusions are drawn from analyzing the measurements of the contacts. It can be seen that the closure is faster, mainly because the motion is started earlier, although the period of bounces is slightly longer. The opening is however a little slower because of the higher current in the closure, which generates a more elevated magnetic torque (28) that takes more time to be overtaken by the elastic forces. In spite of these differences, the model provides a very good estimation of the relay dynamics also for this experiment.
Tables I and II summarize the times of the main stages of the motion during the closure and the opening. The process has been divided into three times: the time needed to start the motion, the time of free motion and the time of bounces. The sum of these three times results in the total switching time. The tables present the results from both experimental tests and also from the simulations. The agreement between model and reality is proved once again. 
VI. CONCLUSIONS
In this paper, a new model for predicting the electromagnetic and motion dynamics of electromechanical relays has been developed and validated. The electromagnetic dynamics has been studied by obtaining the total reluctance of the magnetic circuit. Then, the magnetic torque that acts on the mechanism, which depends on the current through the coil and the position of the mechanism, has been calculated by means of a balance of the electromagnetic energy stored in the system. Besides of the current and the magnetic flux, the instantaneous value of the coil inductance is also obtained.
A planar mechanism with two degrees of freedom has been proposed to explain the motion of the relay, and a comprehensive theoretical description of the kinematics and the dynamics of the system has been presented. Spring-damping torques based on the Kelvin-Voigt viscoelastic model have been included in order to restrict the motion of the mechanism and to model the bounces generated in the switchings.
Experimental tests have been carried out on the actual relay to validate the model. It has been shown that it fits correctly to the nonlinear behavior of the system, providing good estimations for the current through the coil and the motion of the mechanism. The agreement between simulated and measured data has been proved to be very high even at different supply voltages and both in the closure and the opening of the relay.
The developed model, since it is based on a magnetic equivalent circuit, is much less time consuming than FEM based models. This feature makes it very appropriate for the optimization of new control algorithms. In addition, since it is fully parametrized, temperature dependance or stochastic behaviors of the parameters could be easily added to the model to improve its performance or to carry out sensitivity analyses.
